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Abstract—This paper is concerned with the relative con-
trollability of leader-follower multi-agent systems (MASs) with
communication delay and switching topologies, where the roles
and quantities of leaders (resp. followers) dynamically depends
on topology variations. By compressing the MASs with communi-
cation delay and switching topologies into a switched system with
state delay, a new method to construct the solution of the switched
system is proposed. Then, a delay-dependent nested subspace is
given, based on which, a relative controllability criterion associ-
ated with the controllable subspace is established, and a delay-
dependent Kalman-type block matrix and an algebraic criterion
for relative controllability of MASs are obtained. In addition,
the critical terminal time for achieving relative controllability
and the minimum energy required for relative controllability are
also given.

Index Terms—Communication delay, minimum energy, multi-
agent systems, relative controllability, switching topologies.

I. INTRODUCTION

INCE Kalman introduced the concept of controllability for
dynamic systems in 1960s, it has became a fundamental
property of systems. To control a dynamic system, we first
need to determine whether it is controllable. This intrinsic
motivation underlies research on controllability of a system.
Relative controllability is a significant concept that extends
classical controllability and is specifically proposed for time-
delay systems. Research has demonstrated that relative con-
trollability in time-delay systems exhibits distinctive properties
[1]-[3]. For instance, achieving relative controllability requires
that the terminal time exceeds a delay-dependent constant and
the Kalman-type matrix, which is constructed from system
matrix pairs and time-delay, is of full row rank [1].
Multi-agent systems (MASs) consist of multiple agents
with local perception, communication, and computing ca-
pabilities, and are widely applied in artificial intelligence
[4], communications [5], biology [6], and other fields. The
controllability of MASs has been a fundamental research
problem since Tanner’s seminal discovery of the relationship
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between controllability properties and topological structure
[7]. Furthermore, controllability is a prerequisite condition
for solving the consensus problem in MASs with packet
loss [8]. Owing to its significant theoretical importance and
practical applications, the controllability of MASs has become
an important research focus [9]-[11]. To name a few, Qu et
al. investigate the controllability of MASs under equitable
partitions [9] and Guan et al. study controllability from the
algebraic and graphical perspectives [11]. Other important
research directions in MASs controllability include structural
controllability [11], target controllability [12] and group con-
trollability [13], etc.

The controllability of MASs with switching topologies has
attracted considerable attention as an important research topic
[14]-[16], since it has been proved that topology switching
can fundamentally alter their controllability properties [14],
[16]. Si et al. have ever discussed relative controllability of
the MASs with input delay and switching topologies from
space perspective [15]. Nevertheless, the critical terminal time
required for switched MASs with delay to attain relative
controllability remains an open problem. This paper aims to
solve this problem. Specifically, we further investigate the rel-
ative controllability of MASs with communication delay and
switching topologies. Compared with the existing literature, a
key characteristic of the MASs we consider lies in the fact
that the rules and quantities of leaders (resp. followers) vary
with topology switching. This model more closely reflects both
the flexibility and practical applications of MASs. However,
it also results in variations in the dimensions of the control
exerted on followers in each topology. Furthermore, although
the protocol we adopt is widely used in multi-agent consensus
research, achieving the corresponding relative controllability
for this protocol remains an open challenge.

The primary contributions of this work can be summarized
as follows:

1. By compressing the MASs with communication delay and
switching topologies into a switched system with state delay, a
new method to construct the solution of the switched system is
proposed. Particularly, the switched system is first decomposed
into a zero-forcing switched subsystem with nonzero initial
function and a nonzero-forcing switched subsystem with zero
initial function. It is shown that solution of the switched
system is the sum of the zero-forcing and nonzero-forcing
switched subsystem solutions. Then, by using the matrix delay
exponential, several new nested functions are given to derive
the explicit solution of the nonzero-forcing switched system.

2. A novel delay-dependent nested subspace is constructed,
which is shown to be equal to the subspace spanned by the



columns of Gramian-type matrix. Based on this, a relative con-
trollability criterion associated with the controllable subspace
is established. Moreover, the critical terminal time required to
achieve relative controllability of the MASs is given.

3. A novel delay-dependent Kalman-type block matrix and
an algebraic criterion for relative controllability of MASs are
derived. Furthermore, how the critical terminal time influences
the rank property of the Kalman-type matrix is characterized.

4. The external control effort required for state-to-goal
transitions is quantified by optimizing a functional index, and
the minimum control energy needed to achieve the desired
objectives is presented.

The remainder of this paper is organized as follows. Section
IT introduces fundamental graph theory concepts and some
important notations. Section III formulates the MASs with
communication delay and switching topologies as a switched
delay system. Section IV investigates the relative controlla-
bility of the proposed switched system. The minimum energy
achieving the relative controllability is analyzed in Section V.
Finally, a numerical example is presented in Section VI.

II. PRELIMINARIES

An undirected graph G = (V, &) consists of a vertex set
V = {l,---,n} and an edge set £ C {(j,k) : j,k € V},
where edge (j, k) signifies a connection between j and k. If
J,k € Vand (j, k) € £, we say that k is a neighbor of j,
denoted by k < j. The neighbor set of vertex j is defined as
N; = {klk > j, k € V} and its cardinality is denoted by
|N;|. A weighted graph G = (W, V,€) is a graph equipped
with weight matrix W = [w;;] € R"*", elements of which
are defined as follows: If k£ > j, then wy; > 0; otherwise,
wg; = 0, j,k € {1,---,n}. The weight degree matrix of
G is a diagonal matrix denoted by D = Diag{dy,---,d,},
where d; = 22‘;1 w;;. The Laplacian matrix of G is defined
as L=D-W.

In what follows, we denote by R the set of real numbers,
N the set of nonnegative integers and N the set of positive
integers. Define m = {1,---,m} for an integer m > 0 and
m = @ for m < 0. For a real number & € R, let [«]
denote the smallest integer greater than or equal to . Given
a matrix B € R"™™™, its column space and null space are
respectively defined as: ColB = {£|{ = Bn, n € R™} and
NulB = {n|Bn = 0,7 € R™}. Given two subspaces S; and
S, define 81+ Sy = {x + y|z € 81,y € S3}. For a matrix
B and a subspace S, denote BS = {Bz|r € S} and S the
orthogonal complement of S. Denoted by 1,, = [1,---,1]7.
Let © and I denote the zero matrix and unit matrix of appro-
priate dimensions, respectively. Given a matrix A € R™*"
and a constant 7 > 0, the matrix delay exponential e2? is
defined as a piecewise matrix polynomial [17]:

o, —o00 <t < —T,

eAt= Ii N rsreb 0
3 AJ%,(/@— Dr<t<kr ke NT.
3=0

At —_— . . .o, .
This function satisfies dz; = A2 for t > 0, with initial

condition e = I for ¢t € [—7,0]. More properties of the
matrix delay exponential can be found in [1], [2].

III. FORMULATION

Suppose that the leader-follower structured MAS is com-
posed of n agents labeled from 1 to n and the communication
topology among agents is switching. Assume that there are r
switching topologies in the MAS. Each topology of the MAS
is abstracted as an undirected graph G} = (W, p, gl
with Wl = [w;;(i)] € R™", V and £[ denoting the
weight matrix, the vertex set and the edge set, respectively,
1 € 7. The quantities and roles of leaders (resp. followers)
are varying with the switching signal, and the edges and
corresponding weights also change with time. For any ¢ € 7,
the leaders are assigned to the set Cpr (i) and the followers
are to the set Cp(i). Clearly, Cr(i) U Cr(i) = V and
|CL(i)|+|Cr(i)|= n, i € 7. Due to limitations in bandwidth
or signal interference, interactions among agents are always
subjected to communication delays. Accordingly, we assume
that inter-agent communication is affected by time delay. The
agents update their states according to the following rules: For

J €Cr(o(t)),
bl ()= Z wir(o(t)) (x[k] (t —7)—abl(t — 7-)) , Q)

ke Nj(o(t))
and for j € Cr(o(t)),

W= % wjk(a(t))(x[k] (t—7)—2ll(t— T))+u([jgt)(t)7
ke N (o()
3)

where 2Vl € R is the state of agent j, o : [0,00) — T is
the switching signal that determines the active communication
topology at time ¢, Nj(o(t)) is the neighbor set of agent j
corresponding to the o (¢)-th topology, wg; (o (t)) is the weight
of edge (j, k), uEf]g 1 € ‘R represents the external control input
exerted on leader j, and 7 > 0 is the communication delay.

The protocol in (2)—(3) considers the influence of commu-
nication delay and integrates switching topologies to enhance
the obstacle avoidance capability of the MAS. This ensures the
controllability of entire MAS even when individual subsystems
are uncontrollable. Although the protocol in (2)—(3) is widely
used in consensus research [16], the corresponding controlla-
bility, as a fundamental problem, remains unsolved. To study
the optimal control of (2)—(3) as in [18], we must first establish
the controllability of the MAS. Since the quantities and roles
of leaders (resp. followers) vary with topology switching, the
conventional approach, which treats leaders as control inputs
for followers and analyzes only the controllability of followers,
faces significant challenges.

let x = (x[1]7 . 7x[n])T c Rn and uo‘(t) —
(“Q[ZIt] e 7u([jn;(c(t))])T c ,R‘m(tr(t))7 where jq, - (o (8)) €

Cr(o(t)) and m(o(t)) = |Cr(o(t))|. Denote by B, the
input matrix associated with the o(¢)-th topology, whose
columns are the standard basis vectors associated with the
leader indices. Thus, the MAS (2)-(3) is further modeled as
the following switched system with state delay:

#(t) = —Lo@)x(t — 7) + Byp)to) (1), “4)

where L,y = [jr(o(t))] € R™ " is the Laplacian ma-
trix under the o(¢)-th topology. Notice that (4) consists of



r subsystems, each of which is abbreviated as a matrix
pair (—L;,Bj),, j € T. If o(t) = j, the j-th subsystem
(—Lj, Bj). is triggered, j € 7. If the MAS is not affected by
delay, then (4) reduces to the classical switched linear system,
each subsystem of which is represented by (—L;, B;), j € T.

IV. RELATIVE CONTROLLABILITY

To investigate the relative controllability of (4), we need
to begin with its solution. To this end, we first introduce the
concept of switching sequence with referring to [19].

Definition 1. A set S of ordered pairs (iq, kq),q € P is called
a switching sequence, where S £ {(i1, k1), -, (ip,fip)}, P
represents the length of S, i, € T corresponds to the g-
th subsystem on the interval [ty_1,t,) and kg = t4 — t4—1
represents the dwell time of the q-th subsystem, q € .

In what follows, we assume that the dwell time of each
subsystem satisfies x, = l,7, I € NT, q € p. For
clarity in subsequent derivations, we denote the solution of the
subsystem corresponding to o(t) = i, by z4(t), t € [tg—1,14)s
g € p. Note that when o(t) = i, the running interval of the
subsystem is [t,_1, t,]. For simplicity, we stipulate that to = 0.

The state of the system with delay is closely related to
the initial function. Thus, given an initial function ¢(¢),
t € [-7,0) and a switching sequence S = {(ig,#q)}o—1
we redefine (4) as follows:

.I'Iq(t> = —Liq,%‘q(t - 7') + Biquiq (t), te [lf¢],1,?f(1>7 5

{x(t)zx_l(t), ety 1 -7ty 1), O

q a q q
where z(t) = ¢(t) for t € [-7,0) and ¢ € p. (For ¢ = p, the
time interval is [t,—1,p)).

From (5), we know that the state of the g-th subsystem is
identical to that of the (¢—1)-th subsystem at [t,_1 —7,tq—1).
This implies that the switching of the MAS among topology
graphs occurs without jumps. Besides, L;,, B;, and u;  all
vary with switching function. Thus, (5) is an extension of the
classical switched system.

A. Solution of the Switched System

Next, we consider the solution of (5). Given a switch-
ing sequence S = {(ig,kq)}r—; and an initial function
o(t), t € [-7,0), we can verify that iterative solution

of (5), applying the matrix delay exponential (1), can be

represented as z,(t) = f:q’llfT eT_Liq(t_T_SQ)iq_l(sq)dsq +
.
t —L;, (t—T—sq) =L, (t—tq—1)
j;s e T Biquiq(sq)d5q+67 o 1xq—l(tq—l_T)’

q—1
where xo(t) = ¢(t), ¢ € p. Following [15], we further
decompose z,(-) as

2q(t) = yq(t) + 24(1), (6)

where y,() and z,(-), ¢ € P, are respectively defined

as follows: yq(t) — j;f::ll_T €;Liq(t_T_SQ)yq—l(sq)dSq +

—L; (t—ty— .

e Tyt — 1) with w(t) = (D). €

[-7.0) and z,(t) = [} e T s i (s)ds, +
L (t—ty 1)

—Lig(t—7—sq)
fti;—le‘r 1 T Biquiq(sq)dsqueT Zq_l(tq_lf’r)

with zo(t) = 0, t € [—7,0). It is not difficult to prove that
yq(-), ¢ € P is a solution of

{yQ(t) = _Liqu(t - T)7 te [tq—htq)’ (7)
Yg(t) = yg—1(t), t € [tg—1 — T t4-1),

with yo(t) = ¢(t), t € [-7,0). Similarly, we can verify that
z¢(+), q € D satisfies

{zq(t) = —L; 24(t = 7) + B;,u, (t), t € [tq—1,tq), ®)

Zq(t) = zq,l(t), le [tqfl -, tq71>7

where zo(t) = 0, t € [-7,0). Thus, the system (5) is
further decomposed as (7) and (8), a zero-forcing system and
a nonzero-forcing system. Note that y,(-), ¢ € P, is only
related to initial function ¢(-) and switching sequence S.
Thus, we claim that the relative controllability of (5) is mainly
determined by (8). This renders us to investigate the structure
of z4(-), ¢ €.
For g € p\ {1}, construct functions as follows:

h=qg—1

Vg i(ts) = ey 9T, j€q-2,
—L; (t*tqfl) —L; _1(tq71—27'—8) .
e ! € ! yJ =4 — 17
eiLiq (t—1—s) '

“Li (t—tq_ I+ p (th—r—th
er q( q 1) H er h(h h 1) X

- , J=q
9
and
q—j tens tey
I
M=1j<6 < <€u<g—1Jte,, —7 tey =7
(ts)=d . 10
P02 T cydse -+ dsey, jeq—1. 10
=q
0, Jj=q
where
—L; t—tq—
eTLqE v, ) h=gq, q—1¢{&HL,,
—L;, (t—T—8¢-1
s ! 5 h:qaqfle{gk};cwzp
ey inttnmTmtne), j<h<aq he{&hl,,
i , h—1¢{&L,,
ey i ln =20, j<h<g h¢{&hLl,,
h -1 S Ek ]\4: )
. Gy

Ly T G o< g b e (G L,
h—1¢{&}L,,
,j<h<qhe{&GH,,
h—1¢ {gk}é”:h

h=j, j & {&HL,,
h=j,je{&HL,.

=Ly, (sh—27—8h-1)

_Li;LeT

7Lij (tj —27—3)
Er ,
—L; (sj—27—s)
7Li7'e7' Y ’




Further apply (9)-(10) to construct the following function:

—L;, (t—7—s
o Lin( )

T 5 SE[thtlL
j=1 q=1,

S € [0,75177‘),
j=1qep\ {1},
CES [tjfl—T,tj—T),
1<j<gq, qep\{l},
S € [tg—1 — T, tq,
J=¢ q€p\ {1},
(11)

where t € [t,_1,t4], j € G and ¢ € p. Then, we have the
following lemma.

¢q,1(ta 5) + ¢q,1(t7 5)7
¢q’j(t7 S) + wq,j (ta 8)7
¢q7q(t75) + wq,q(t,s),

(I)QJ (t’ 3) =

Lemma 1. For any given switching sequence S =
{(iq, 5q) Yoy, the explicit form of z4(-), q € B, is represented
as follows:

t
/ Dy 1(¢, 5)Biyui, (s)ds, q=1,
qgl tj—7
Z/ D, ;(t,s)Bi;ug;(s)ds
2g()=¢ 770 (12)
+Z/ Qg i11(t,s)Bi;ui;(s)ds
+/ Dy q(t,8)B;, ui, (s)ds,q € p\ {1},

tg—1

where O, ;(-,-), j € G is defined by (11).

Proof. Applying the properties of (1) and (9)-(11), we can
directly calculate the result. O

B. Relative Controllability of the Switched System

In what follows, we consider the relative controllability of
(5). We first present the corresponding definition as follows.

Definition 2. The system (5) is called relatively controllable
on [0,t,), if for any initial function ¢(t), t € [-7,0)
and terminal state xy, there exist a switching sequence
S = {(iq, kiq) }o=1 and a control input u; (), q € P such that
the solution of (5) satisfies 3 (t,) = x; and z7(t) = p(t) for
t € [—1,0).

Theorem 1. The system (5) is relatively controllable on
[0,t,), if and only if there exists a switching sequence S =
{(iq, 5q) Yoy, such that W.[0,t,] is nonsingular, where

p tj—T
éZ/ D, ;(tp, 5)Bi, B ®, i(tp, s)ds

+Z/

tj—T

@, i11(tp, s)Bi, Bf <I>pj+1(tp,s)ds

+ / ®, p(tp, s)Bi, BL®, (ty, s)ds.  (13)
tp—1

p—

Proof. The proof is similar to that of [15] and is omitted here.
O

Remark 1. From (13), we observe that the Gramian-type ma-
trix depends closely on the time delay, the switching sequence
and the matrix pairs (—L;, B;) for j € T. For instance, alter-
ing the switching sequence leads to a corresponding change in
the structure of W.[0,t,]. Therefore, compared with classical
switched systems (e.g., [20]), the nonsingularity of W.[0,t,]
involves more factors. Moreover, due to the influence of delay,
the choice of terminal time t,, also affects the nonsingularity
of W.[0,t,]. As stated in Remark 2, if t, falls below a
certain critical value, W.[0,t,] becomes singular. In fact,
the Gramian matrix defined in (13) plays a fundamental role.
It can span the set of controllable states (see Lemma 3 below),
and thus helps to characterize the controllability property from
a geometric perspective. Furthermore, as shown in Section V,
it determines the minimum control energy required to achieve
the control objective. If the MAS (2)—(3) is delay-free, then
the controllability Gramian for (—L;, B;), j € T, reduces to
the form Weto,t,] = S0 [ Q(j,s )Bing(Q(j, s))Tds

j=1Jt;_
with Q(j,s) == HJH L, (te— too 1)L (t5=5).

To further investigate the relative controllability of (5), we
apply (12) to construct

=t
[

tp
+/
tp—1

'P

p—1 tj—T
2= Z/ D, (tp, s)Bijuj, (s)ds

j=17ti-1

Ppj+1 tpaS)BzJUz (s)ds

Dy p(tp, 8)Bi,u;

iU, (8)ds, ui, €U, j ep},
where U is the function space consisting of all measurable
and square integrable vector functions.

Lemma 2. The system (5) is relatively controllable on
[0,t,), if and only if there exists a switching sequence S =
{(iq, kq) Yoy, such that Z = R".

Proof. Apply (6) to construct that X = {x|z =y + 2,2 €
Z.y is the solution of (7) for ¢ = p}. From Definition 2, we
know that the relative controllability of (5) on [0,t,] is
equivalent to X = R". If X = R", whereas Z S R", then
the solution of (7) satisfies y € Z*. This 1mphes that the
inner product < y,z >= 0 for any z € Z. From the structure
of y,(-), ¢ € D, we know that y is a definite vector. Thus,
the zero-forcing system (7) only possesses zero solution for
any initial function. This is obviously impossible because L;,
j €T, being Laplacian matrices, are singular but nonzero. [J

Lemma 3. For any given switching sequence S =
{(iq, kq) Yoy, it holds that Z = Col(W.[0,1,]).

Proof. For any £ € Col(
R"™, such that £ =

[0, %,]), there exists a vector 7 €
W,[0,tp,]n. Construct control inputs as

follows:
BT<I>T ity t)n,  tetinty—7), jep—1,
“Z (t) = BT(I)p e tn, tEft; —1.t5), J€ p—1,
Bg;q)p,p( P> )777 te [tp—lvtp]’ j =D

(14)



Then, from (13) and (14), we have ¢ € Z. This implies
Col(.[0,t,]) C 2.

For any nonzero z € Z, there exists u; ,
that

. ,ﬂ;-*p € U, such

Z:Z/ _TCID i (tp, 8)Biju; (s)ds

j=17t=1
=1l

+Z/ i1 (tp, 8) By if, (s)ds
j:1 tj*T

tp
+ / (I)p7p(tp,S)szuL (15)
tp—1

Assume that z ¢ Col (W,[0,1,]).
Nul(W,[0,t,]). This implies

(s)ds.

Then we have z €

ZT(I)Paj(tp7t)Bij: O’ te [tj—latj _T)v .] 6p—17
2T, i1ty t)By,=0, t€t; —7,t;), jep—1, (16)
ZTq)P,P(tp’t)Bip: 0, t e [tp_l,f,p].

From (15)-(16), we have 2”2 = 0, which contradicts z # 0.
Thus, Z C Col (W,[0,¢,]). We complete the proof. O

Corollary 1. The system (5) is relatively controllable on
[0,t,), if and only if there exists a switching sequence S =
{(ig, kq) Yoy, such that Col(W,[0,1,]) = R".

Proof. From Lemmas 2-3, we obtain the result. O

For any given matrices A € R"*", B € R™*™ and integer
a € NV, define a subspace as follows:

I',ColB = ColB + ACOIB + - - - + A°ColB.  (17)

If « > n — 1, according to Hamilton-Cayley theorem, we
know that I'% ColB is equivalent to (A|B) defined in [19].
If « < n—1, we have I';ColB C (A|B). Thus, for any
a € Nt it always holds that ' ColB C (A|B). For the
matrices Ay, Ao € R™*" and positive integers o, ap, we
define a nested subspace as follows:

[T ColB =

[0 colB + A1) ColB + -+ 432"} ColB.  (18)

Similarly, when a; > n—1, as > n— 1, based on Hamilton-
Cayley theorem, the subspace (18) equals (A2|W) defined in
[19], where W = (A;|B). Conversely, if one of a; and as
is less than n — 1, then we have I')2T')' ColB C (A3|W).
Thus, for any a1, as € N'T, we always have 214 ColB C
(AW).

Apply (17)-(18) to construct a nested subspace V,, ;,j € ¢,
g € P along the switching sequence & = {(iq,/ﬂq)}fl’zl as
follows:

Iy F“l F

lq .
FLiq ColB;,, j=a

ColBZ,qufl

V= (19)

Then, we have the following lemma:

Lemma 4. For any given switching sequence S =
{(ig, q) Yoy, it holds that z4(ty) € 3°9_, Vg j, q €P.

Proof. For ¢ =1, it follows from [17] that
z1(t) € F COIBZl =Vi1.

For ¢ = 2, from (9)-(11) and Lemma 1, we have

t—T
(1) = / e e T B i (s)as

t1 T
_Ll (ta—7—51)
tl T

~La (2= S)B“u“( )dsids
t1
—I-/ er
t1—71
to _
+ / &
ty

According to the properties of matrix delayed exponential (1),
we have

L, (to—7—35)
Bll ull

(s)ds

Li2 (tQ—T—S)B u

12 Yo

(5)ds. (20)

I1—1 l2—1
Z LJ2 Z L 71f1 .727]1 + Z L B12f2(]2)
Jj2=0 Jj1=0 Jj2=0
(21)
where f1(j2,j1) =
f(ll 2)7( )J2 (ta— (Jj 1)7)2 (tg—T— n)dn+
f(llﬂ . szx
2 T ja!
1(t1 — 27— )dnv jl = 07
f(llQT 5 t2*(j1+1)”'*77(_1)j2+j1( —(ja—1)7)72 %
2—1)7 Ja!
—(J T—n—s)/11 u*
(el DTmI™ s (s)disdn+
l1-2)7 92 (n—(j41—1)7)71
féf 1)>T 1)datin 2= Ga1)- t;_;jl(!n <a.1 DD
i g (ty — 27 . n)dn, J1€h =2,
T to—l17— ; _ —(ja—1)7)72
f(lz; D 2 7](_1)]2+l1 1(n (]2;2 1)7) X
Ot Qom0 4z (s)dsd, fi=h-1,
and fo(j2) =
(lg—l)T
n—02—-1
/( » (- =) P Boyut (b2 — 7 — )
J2—1)T :

Thus from (19) and (21), it yields that
2
! li—1 la—1
o(t) e I'f T, ColBy, + ') "ColBi, =3 v, ;.
j=1

For ¢ = h, h € g\ {1, 2}, following similar processes, we
have

h—1 [&+1 4 le—1
antn) =Y [ TI D2 Lo | > LEBi feln, - de)
§=1 \g=hjs=0 Je=0
lhfl
+ > LI"B;, fa(jn) (22)
Jn=0
where f1,---, f, are linear functionals of inputs u} ,---,u; ,

respectively. Thus, from (19), we obtain z,(t5) € E?Zl Vi
The proof is completed. O

Applying above conclusions we have below assertion.



Lemma 5. For any given switching sequence S =
{(iq"‘iq)}gzlr we have Z§:1 V., = Col(W,[0,1,]).

Proof. For any v € Nul (W,[0,t,]), from (16), we have

t c [tj—17tj — T),
del; —2U{0}, jep—1,
VI, p(tp,t +dr) LY B =0,t€[t,1,t,],del, —1U{0}.
(23)

FYT@pvj (tp? t + dT)L;iJ B7J: 07

Taking t =¢; — (d+2)7, jep—land t =t, — (d+1)7 in
(23), respectively, we further obtain

YI®, j(ty, t; — 27) LY B;, =0, d € Il; —2U{0},j € p— 1,
Y Ry p(tp, tp — T)Lngip =0, del,—1U{0}

Thus, we have

p—11;—2

ve N N Nu (Bg(ij)T@;j(tp,tj - 27))
j=1 d=0
ly—1

N ) Nul (BZ; (LE) @y (tp ty — T)>
d=0

p—11;—2 N
= N N (ot (@ps(tyt; —27)L¢ B, )
j=1 d=0
Iy—1

N N (ot @ty ty - T)LglpBip))l

d=0

p—11;—2
(S5 oot -2nr1n,)

j=1 d=0
ly—1

€L
—+ Z Col ((I)pm(tpytp - T)depBip> ) :
d=0

For the matrices L; and B; in (4), j € T, applying the proper-
tiesLLjT =L, and L;1,, = 0, we can prove that ([}, L;, +

vy L )ColB, =[[;", L;,ColB; + [[,—, L;, ColB, for
any m,l € p and iy, ji € 7, where k € m. It thus follows
from (1), (11), and (19) that v € Z§=1 V,.;. This implies
Nul (W,[0,t,]) € (32)_, Vp;)". From Lemmas 3 and 4,
we immediately obtain Col (W.[0,t,]) € >°7_, V) ;. This
completes the proof. O

Theorem 2. The system (5) is relatively controllable on
[0,t,), if and only if there exists a switching sequence S =
{(ig, k) You1, such that 3°%_, V), ; = R™.

Proof. From Lemmas 2, 3 and 5, we obtain the result directly.
This completes the proof. O

Corollary 2. If 3°0_ |V, ; = R", then we have t, > t;,
where t;, is the critical terminal time defined by

t* — n + m(z;n) T
Podp—2ff e+1
> << [T g+ 1)) lém(i£)>+lp1m(ip1)+m(ip)
£=1\\g=p—1
p—1
+) ler— (24)
£=1

Proof. From Theorem 2, we know that the system (5) is
relatively controllable on [0,¢,]. This implies that for any
initial function ¢(t), ¢t € [—7,0) and terminal state xy,
zy = yy(ty) + 2p(tp) always has a solution with respect to
uj, -+, uf , where y;(t,) is the solution of (7) and z,(%,) is
(12). This is equivalent to that (22) for i = p has a solution
with respect to fy, -+, fp. I S0 ([T51 (I +1))leml(ie)) +
lpym(ip) < n, then zp —y»(t,) = z,(t,) might not admit such
a solution. Thus, we obtain the result. O

Remark 2. If the communication topology of the MAS is fixed,
then (5) is reduced to the well-known delay system (—L, B).
and the running interval is [to,t¢], where L € R"*",
B € R™™™, and ty is the terminal time for the topology-fixed
case satisfying ty = k7, k € Nt Meanwhile, the condition
in Theorem 2 reduces to F’ZACOIB =TR", where k € N*
is the integer such that kT = ty. From [3], we know that
the relative controllability of system (—L,B). on [0,ts] is
characterized by T’} "'ColB = R" and t; > t5 = [n/m]T.
However, for the relative controllability of (5), we remove
the explicit condition on terminal time. This is owing to the
subspaces (17) and (18) that we construct. In fact, from
Corollary 2, we know that if t,, < t;‘,, then Z§=1 V,.; does not
equal the whole space R"™. This implies that the system (5)
is not relatively controllable on [0,t,]. In comparison, if the
system (5) is not affected by the time delay, the controllability
of the switched system (—Lj, Bj), j € T has nothing to do
with the terminal time [20].

Next, we continue to discuss the relative controllability
criterion of the system (5). Our goal is to establish a Kalman-
type matrix criterion on relative controllability of the system.

For any given matrices A € R"*", B € R"*™ and integer
a € N7, define a block matrix as follows:

ASB=[B,AB,---,A%B]. (25)
Notice that if &« = n—1, then A9 B is the Kalman-type matrix
corresponding to the system (A, B). Furthermore, the space
spanned by the columns of A% B is (17). For the matrices
Ay, Ay € R™™ and positive integers o1, aa, further construct
a block matrix as follows:

AQRAY B =[AG B, A,AY B, - AS2 A B . (26)

It is obvious that ColA‘X‘;AjllB = Fi‘éf% ColB.



g—1> W€
further apply (25)-(26) to construct a block matrix Q;, j € p

as follows:

For any given switching sequence S = {(igq, fiq) }"

_ Ao AZJ“ A Bi,, j€p—1,
{ Li, Ly, @7

Qj = Ip—1 .
Afp Bipa J=D

where i; € 7, j € p. Then for the relative controllability of
(5), we have the following conclusion.

Theorem 3. The system (5) is relatively controllable on
[0,t,), if and only if there exists a switching sequence S =
{(iq, kq) Yoy, such that the _controllability matrix Q. is full

row rank; where QC - [Ql?QQ; o '7QP]

Proof From (25) and (26), it holds that

Co lAP i = FL’”flColB for j = p and that
)

ColAY AP B, = Ty, LP "“'ColB;, , for

7= p 1. By applym; the backward 1nduct10n we obtam that

Co lAP CAPPAPT'B —rp .. FZLJ“ ' ~'ColB;,
41 1 ij
for j e p— 2. Thus from (27) and the deﬁmtlons of

Q., we have ColQ. = ColQ1 + 001Q2 ¥

. -1 _

colg, = L'} 'coB, + I} F ’ i ColB;, , +
Ly Iy rli—1

-+ FL F;2FL11 ColB;,. It thus follows from (19)

that ColQ. = >°7_, V,, ;. Combined with Theorem 2, we

conclude that the relative controllability of the system (5) on
[0,,] is equivalent to ColQ. = R™, which can be further
explained as ). being full row rank. This completes the
proof. O

Remark 3. From (27), we know that Q. is closely related to
the terminal time t,. In fact, from Corollary 2 and Theorem
3, we know that if the terminal time t, < t;, then Q.
is not full row rank. Consequently, the system (5) is not
relatively controllable on [0, t,] under any switching sequence.
Meanwhile, if the system (5) is reduced to the delay system
(=L, B), in Remark 2, then it follows from [3] that Q. is
reduced to [B,LB,---,L*"'B]. Thus, the relative control-
lability criterion for system (—L,B), on [0,ts] reduces to
verifying the full row rank of [B,LB,---,L¥=1B].

V. THE MINIMUM ENERGY FOR RELATIVE
CONTROLLABILITY

Next, we characterize the external control effort required
to achieve relative controllability of the MAS. This problem
is formulated as the minimization of the following functional
index with respect to the control functions over a finite time
horizon:

P t;
J(ug,, o)) = Z/ url(5)Qjui, (s)ds.  (28)
j=17%i-1

Construct a matrix as follows:

o~

p—1 tj—T
W= E:/a ©p(tp, 5)Bi, Q7 B @, (ty, s)ds

j=17ti-1

+Z/

tj—T

pit1(tp,8)Bi, Q7 ' BL®L 1 (ty,5)ds

tP
+ /t O, p(tp, $)Bi, @, ' BL O} (tp, s)ds,  (29)
p—1
where @;, j € P are constant symmetric and positive definite
weighting matrices. Note that the dimensions of matrices
Qj, j € p are varying with switching function o. Following
a similar process to Theorem 1, we conclude that the relative
controllability of (5) on [0 tj\is equivalent to verifying the
nonsingularity of the matrix W for some switching sequence

S = {(ig; fig) } o=y With W being nonsingular, construct that
Q;lBZ@T (tpvt)W (mf - yp(tp))
te [ ] 1, T)7 .7 S p
ot () = 0 QBT nlt, )W (If *yZ(tp )
K le [ )a .] €p— 1
Q;1B£<I>;p(tp,t)W (xf - yp(tp)) ’
t € [tp—1,tp), ji=np.
(30)

The symbols in (30) are the same as those in Section IV. Then
we conclude that (30) can minimize the functional index (28).

Theorem 4. Given a switching sequence S = {(iq, #q) o1,
assume that (29) is nonsingular. Then (30) minimizes the
functional index (28). The minimal value of J is

J(@, ) = 21 ()W 2 (1),

i1 D

€1y

Proof. Following the assumption, we know that for any initial
function ¢(t), t € [—7,0) and terminal state zy € R", (30)
can steer p(t) to xy. If uj (-), j € p is another function
which can steer ¢(t) to xy. Then, from (6), Lemma 1, and
the solution of (7), we have

O—Z

@yt ) By, (i () 1, (s) ) ds

ti_1
+Z / Byt ) By, (T (9) = 5, (5)) d
tj—T
tp
+ / O, (ty, 5)Bs, (a;;(s)—a;;(s)) ds.  (32)
tp_1
Combining with (29)-(32), we obtain
J@g, - u) Z/ uil(s)Qyu;, (s)ds.  (33)

It thus follows that J(u} 11,--- ) — J(A;‘17~-~,ﬁ;‘p) =

v ()~ 9) Q) (uij () = @, (s) ) ds > 0.
Therefore, we  obtain the following conclusion:
J(@g - )<J( Zl,---,ﬂ;*p). Applying (28)-
(30), we obtaln the minimum energy as follows:



ok ok tj /\*
J(ui1="'7uip) = ?:1 tjjfl T( $)Q;u; ( )ds =
(zf -y (tp))T W=t (x5 —y5(tp)). The conclusion is
immediately obtained from (6). L]

Remark 4. The structure of /W in (29) is related to the switch-
ing sequence. This implies that (31) varies with the switching
sequence. Namely, the minimal energy J(u; ,- - - ,a;*p) in (31)
is a local property. To achieve the global minimum energy, we
need to compare the minimal energy values corresponding to
all switching sequences that render the system relatively con-
trollable. This discloses the complexity of the switched systems
with delay compared with the literature [21]. In fact, if we
let A be the set of all switching sequences that ensure W is
nonsingular, then the minimum energy achieving control objec-
tive is géin J@;,, - u ) (S) = gélg 25 (tp)W 2, (8,) (S).
Note that the minimum energy is characterized by the inverse
of w. Thus, when W is singular, there exists no finite energy
that can steer the system to reach any component of the target
state that lies in the null space of W and it thus fails to
characterize the minimum control effort required for relative
controllability of the MAS.

VI. EXAMPLE

Finally, we provide an example to illustrate our work.
Consider a multi-vehicle system consisting of eight vehicles
with communication delay and three switching topologies
(each topology is abstracted as in Fig. 1). Assume that the
switching sequence of the MAS is S = {(1,1),(2,1),(3,1)}
and the time delay is 7 = 0.1. For simplicity, we assign the
communication weight of the edge (4, ) as w;; = 1 in each
topology. Then from (4) and Fig. 1, we can easily obtain the
Laplacian matrices Li, Lo, L3 and the input matrices Bi,
By, Bs. Other parameters are chosen as tp = 0, t; = 1,
to = 2,13 =3 and |} = lp = 3 = 10. From (19), we have
Z?IIV&j = Span {e}, es, €3, €4, €5, €6, €7, €8} = R®, where
e; for j € 8 are the standard basis vectors. From Theorem 2,
we conclude that the MAS is relatively controllable on [0, 3].
Simple numerical calculation shows that the critical terminal
time is ¢ = 2 < 3 and the matrix W,[0, 3] in Theorem 1 is
nonsingular. This is consistent with our theoretical findings.

If we set tg = 0, t1 = 0.1, t5 = 0.2, t3 = 0.4, while
keeping the other conditions unchanged, then a straightforward
calculation gives Z?:l Vs ; = RS that is, the MAS is
relatively controllable on [0, 0.4]. Note that the critical terminal
time is t3 = t3 = 0.4 in this case. However, if we change the
terminal time to ¢3 = 0.3 while keeping the other conditions
fixed, then we have t5 = 0.4 > 0.3 = ¢3. From Corollary 2, we
conclude that the MAS is not relatively controllable on [0, 0.3].
Due to the space limitation, here we omit the discussion on
other controllability criteria and the minimum energy problem.

VII. CONCLUSION

This paper considers the relative controllability of MASs
subject to communication delay and switching topologies. A
new subspace is constructed, and based on this, a control-
lable subspace criterion is established. Additionally, a novel

y ©
—
[6) £

Fig. 1: Switching topologies of the MAS (2)-(3).

Kalman-type matrix criterion is derived, generating the con-
clusion for classical delay systems. It is shown that if the
terminal time is less than some critical value, then the MAS
is not relatively controllable due to the influence of delay.
To characterize the effort of external control in steering the
MAS towards its terminal goal, the problem is formulated
as minimizing the functional index defined over the control
function. An optimal control and the corresponding minimum
value of the index are given.

REFERENCES

[1] J. Diblik, D. Khusainov, and M. Riizickovd, “Controllability of linear
discrete systems with constant coefficients and pure delay,” SIAM J.
Control Optim., vol. 47, no. 3, pp. 1140-1149, 2008.

[2] J. Diblik, “Relative and trajectory controllability of linear discrete
systems with constant coefficients and a single delay,” IEEE Trans.
Automat. Contr., vol. 64, no. 5, pp. 2158-2165, May. 2019.

[3] J. Wang and D. Chen, “Relative controllability of linear quaternion
discrete system with delay,” IEEE Trans. Automat. Contr., vol. 70, no.
11, pp. 7739-7746, Nov. 2025.

[4] A. Feriani and E. Hossain, “ Single and multi-agent deep reinforcement
learning for Al-enabled wireless networks: a tutorial,” IEEE Commun.
Surv. Tutor., vol. 23, no. 2, pp. 1226-1252, Mar. 2021.

[5] X. Du, T. Wang, Q. Feng, C. Ye, T. Tao, L. Wang, Y. Shi, and M. Chen,
“ Multi-agent reinforcement learning for dynamic resource management
in 6G in-X subnetworks,” IEEE Trans. Wireless Commun., vol. 22, no.
3, pp. 1900-1914, Mar. 2023.

[6] H. Wei, C. Feng, and F. Li “ Modeling biological memory network by
an autonomous and adaptive multi-agent system,” Brain Inform., vol.
11, no. 23, pp. 1-22, Sept. 2024.

[7]1 H. Tanner, “On the controllability of nearest neighbor interconnections,”
2004 43rd IEEE Conference on Decision and Control, pp. 2467-2472,
Dec. 2004.

[81 R. An, Y. Wang, Y. Zhao, and J. Zhang, “One-bit consensus cntrol of
multi-agent systems with packet loss,” IEEE Control Syst. Lett., Jun.
2025, doi: 10.1109/LCSYS.2025.3579411.

[9] J. Qu, Z. Ji, and Y. Shi, “The graphical conditions for controllability
of multiagent systems under equitable partition,” IEEE Trans. Cybern.,
vol. 51, no. 9, pp. 4661-4672, Sept. 2021.

[10] J. Guo, Z. Ji and Y. Liu, “Controllability of game-based multi-agent
system,” Sci. China Inf. Sci., vol. 66, no. 222206, Dec. 2023.

[11] Y. Guan and L. Wang, “Structural controllability of multi-agent systems
with absolute protocol under fixed and switching topologies,” Sci. China
Inf. Sci., vol. 60, Art. no. 092203, May 2017.

[12] Y. Guan and L. Wang, “Target controllability of multiagent systems
under fixed and switching topologies,” Internat. J. Robust Nonlinear
Control, vol. 29, no. 9, pp. 2725-2741, Jun. 2019.

[13] B. Liu, Y. Han, F. Jiang, H. Su, and J. Zou, “Group controllability of
discrete-time multi-agent systems,” J. Franklin Inst., vol. 353, no. 14,
pp. 3524-3559, Sept. 2016.

[14] B. Liu, H. Su, R. Li, D. Sun, and W. Hu, “Switching controllability
of discrete-time multi-agent systems with multiple leaders and time-
delays,” Appl. Math. Comput., vol. 228, pp. 571-588, Feb. 2014.

[15] Y. Si and J. Wang, “Relative controllability of multi-agent systems with
input delay and switching topologies,” Systems Control Lett., vol. 171,
Art. no. 105432, Jan. 2023.

[16] Z. Lu, L. Zhang and L. Wang, “ Controllability analysis of multi-agent
systems with switching topology over finite fields,” Sci. China Inf. Sci.,
vol. 62, Art. no. 012201, 2019.



[17]

[18]

[19]

[20]

[21]

D. Khusainov and G. Shuklin, “Linear autonomous time-delay system
with permutation matrices solving,” Stud. Univ. Zilina Math. Ser., vol.
17, pp. 101-108, 2003.

M. Kashyap and L. Lessard, “Optimal control of multi-agent systems
with processing delays,” IEEE T. Automat. Contr., vol. 69, no. 8, pp.
5141-5153, Aug. 2024.

G. Xie and L. Wang, “Controllability and stabilizability of switched
linear-systems,” Systems Control Lett., vol. 48, no. 2, pp. 135-155, Feb.
2003.

Z. Sun, S. Ge, and T. Lee, “Controllability and reachability criteria for
switched linear systems,” Automatica, vol. 38, pp. 775-786, May 2002.
J. Klamka, “Controllability and minimum energy control,” Springer,
New York, 2019.



